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Stochastic Impulse Control

Control problems with randomly evolving systems and a strictly positive cost per control action.
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Applications of Stochastic Impulse Control



Classical Application: Faustmann’s Rotation Problem

▷ Imagine you are the proud owner of a forest

▷ At any point in time, your forest has a certain stock of timber

▷ Environmental conditions cause the stock of timber to evolve randomly in time

▷ You can cut down the forest and sell the timber you obtain in doing so

▷ Cutting down the forest is costly though

▷ What is the optimal timing to cut down the forest?

▷ What is the optimal amount to cut the forest down by?
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A Modern Application: Policy Design for the Energy Transition

▷ Transition from internal combustion engine vehicles to battery-electric vehicles

▷ Car manufacturer: irreversible investment under uncertainty and with competition

▷ Policymaker: socially optimal policy design and cost-benefit analysis

−→ Optimal contracting problem on top of a game of stochastic impulse control
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European Green Deal
▷ Reduction of greenhouse gas emissions by 55% until 2030

▷ Climate neutrality by 2050

▷ Foundation for the emissions trading system

▷ Car manufacturers face fleet-wide emissions targets

▷ No new internal combustion engine vehicles registrations from 2035

Implications for the Automotive Sector
▷ Transition from internal combustion engine vehicles to new energy vehicles

▷ Problem: Lack of (charging) infrastructure, therefore little consumer demand

▷ But: Consumer demand grows with time; new technology eventually takes over

Stimulation of Demand in Germany
▷ Up to EUR 9000 of subsidies for newly registered cars

▷ Tax exemptions for up to 10 years
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Car Manufacturers’ Perspective
▷ Must eventually invest in new technology

▷ Investments are practically irreversible

▷ Demand for the new technology is the main driver

▷ Optimal timing/investment amount in the presence of uncertainty and competition

−→ Model: game of stochastic impulse control

Policymaker’s Perspective
▷ Incentivize the transition to the new technology

▷ Actions include subsidies and taxation

▷ Policies are more or less static, i.e. based on today’s information

−→ Model: Principal-Agent Problem with Asymmetric Information
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A Familiar Application: Optimal Investment with Transaction Cost

▷ You have a bit of money set aside for retirement

▷ Interest rates are low, inflation rates are high

▷ It seems that keeping your money on the bank account is not the best option

▷ One possibility is to invest your money at a financial market

▷ Prices of financial assets fluctuate randomly in time, hence so will your wealth

▷ For retail investors, trading involves fixed transaction costs

▷ When is the best time to buy/sell financial assets?

▷ What is the optimal trading amount?

−→ Stochastic impulse control to the rescue!
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Financial Market Model: the Black-Scholes Model with Transaction Costs

▷ Money on your bank account grows with an interest rate of r, that is

X1(t) = x1e
rt or dX1(t) = rX1(t)dt

▷ Without trading, money invested in financial asset grows with a return of µ, but fluctuates with a
volatility σ, that is

dX2(t) = µX2(t)dt+ σX2(t)dW (t)

▷ You choose the times τ1, τ2, . . . and corresponding amounts ∆1,∆2, . . . at which you buy/sell the
financial asset

▷ Each trade involves a transaction cost C(∆) which you pay from your bank account, thus

X1(τ1) = X1(τ1−)−∆1 − C(∆1) and X2(τ1) = X2(τ1−) + ∆1
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dX2(t) = µX2(t)dt+ σX2(t)dW (t)

▷ You choose the times τ1, τ2, . . . and corresponding amounts ∆1,∆2, . . . at which you buy/sell the
financial asset

▷ Each trade involves a transaction cost C(∆) which you pay from your bank account, thus

X1(τ1) = X1(τ1−)−∆1 − C(∆1) and X2(τ1) = X2(τ1−) + ∆1



Real-World Examples of Transaction Cost

▷ Fixed cost c1, that is
C(∆) = c1

▷ Fixed cost c1 and proportional cost c, that is

C(∆) = c1 + c|∆|

▷ Tiered costs c1 and c2 at levelD, that is

C(∆) =

{
c1 if |∆| < D

c2 if |∆| ≥ D

▷ Proportional cost c floored at c1 and capped at c2, that is

C(∆) =


c1 if c|∆| < c1

c|∆| if c1 ≤ c|∆| ≤ c2

c2 if c|∆| > c2
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Objective: Maximize Expected Utility of Terminal Wealth, that is

V(t, x) = max
Λ

E
[
U
(
L
(
XΛ

t,x(T )
))]

Here, we denote by

▷ XΛ
t,x(T ) your portfolio at time T , given that you started trading at time t with an initial portfolio of x

and your trading strategy is Λ = (τ1, τ2, . . . ,∆1,∆2, . . . )

▷ L(x) the liquidation value of a portfolio x

▷ U(m) your utility of a cash amountm, modeling your risk aversion

▷ E the expected value of a random quantity

▷ V(t, x) the value function of the control problem
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How to Construct Optimal Controls



Control actions follow a two-step procedure. In any given state, we ask:

▷ Do we wish to trade or not?

▷ How much do we wish to trade?

The best possible trade for a portfolio (x1, x2) at time t is determined by

M[V](t, x) = max
∆

V
(
t, x1 −∆− C(∆), x2 +∆

)
M[V](t, x) corresponds to impulse control problem in which you are forced to start with an impulse.

Observe that V(t, x) ≥ M[V](t, x)

and

▷ if V(t, x) > MV(t, x), a trade in state (t, x) cannot be optimal,
▷ if V(t, x) = M[V](t, x), a trade in state (t, x) is expected to be optimal,
▷ the optimal trade in state (t, x) should be a maximizer forM[V](t, x).
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Optimal controls are hence determined by the sets{
(t, x) : V(t, x) = M[V](t, x)

}
and

{
(t, x) : V(t, x) > M[V](t, x)

}
.

The value function can be computed as the solution of the partial differential equation

min
{
−∂tV(t, x)− L[V](t, x),V(t, x)−M[V](t, x)

}
= 0,

where L is the linear differential operator given by

L[V](t, x) ≜ rx1∂x1V(t, x) + µx2∂x2V(t, x) +
1

2
σ2x2

2∂
2
x2,x2

V(t, x).

Note: making this mathematically rigorous is where all the hard work goes in!



Optimal controls are hence determined by the sets{
(t, x) : V(t, x) = M[V](t, x)

}
and

{
(t, x) : V(t, x) > M[V](t, x)

}
.

The value function can be computed as the solution of the partial differential equation

min
{
−∂tV(t, x)− L[V](t, x),V(t, x)−M[V](t, x)

}
= 0,

where L is the linear differential operator given by

L[V](t, x) ≜ rx1∂x1V(t, x) + µx2∂x2V(t, x) +
1

2
σ2x2

2∂
2
x2,x2

V(t, x).

Note: making this mathematically rigorous is where all the hard work goes in!



Optimal controls are hence determined by the sets{
(t, x) : V(t, x) = M[V](t, x)

}
and

{
(t, x) : V(t, x) > M[V](t, x)

}
.

The value function can be computed as the solution of the partial differential equation

min
{
−∂tV(t, x)− L[V](t, x),V(t, x)−M[V](t, x)

}
= 0,

where L is the linear differential operator given by

L[V](t, x) ≜ rx1∂x1V(t, x) + µx2∂x2V(t, x) +
1

2
σ2x2

2∂
2
x2,x2

V(t, x).

Note: making this mathematically rigorous is where all the hard work goes in!



Optimal controls are hence determined by the sets{
(t, x) : V(t, x) = M[V](t, x)

}
and

{
(t, x) : V(t, x) > M[V](t, x)

}
.

The value function can be computed as the solution of the partial differential equation

min
{
−∂tV(t, x)− L[V](t, x),V(t, x)−M[V](t, x)

}
= 0,

where L is the linear differential operator given by

L[V](t, x) ≜ rx1∂x1V(t, x) + µx2∂x2V(t, x) +
1

2
σ2x2

2∂
2
x2,x2

V(t, x).

Note: making this mathematically rigorous is where all the hard work goes in!



Numerical Example: Fixed Cost



Numerical Example: Fixed and Proportional Cost



Numerical Example: Tiered Cost



Numerical Example: Capped Proportional Cost
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Outlook: Current Developments and Challenges



What is it that we actually work on?

▷ Of course, we always look for interesting applications!
▷ On top of that, we also aim to advance the general mathematical theory!

▷ One should never expect that the partial differential equation has a solution in the classical sense
▷ We work with a very weak solution concept called viscosity solutions
▷ This notion is so weak that construction of optimal controls becomes very challenging
▷ Throughout the last years, we have worked on new systematic ways to facilitate this

▷ Finally, a big open field is numerical methods:

▷ The partial differential equations which determine V are very hard to solve numerically
▷ There are very few methods available and they only work in low dimensions
▷ Convergence proofs and convergence rates are hard to obtain
▷ We are working on new numerical methods and systematic approaches to establish convergence (rates)

Thanks for the attention!
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