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Portfolio Optimization for Private Investors

We consider portfolio optimization problems in which the transaction
cost structures resemble those of private investors.

We consider the following two cases:

C(∆) = γ|∆|+K Constant and Proportional
C(∆) = min{max{Kmin, γ|∆|},Kmax} Capped Proportional

These cost structures lead to impulse control problems.
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Portfolio Process and Solvency Constraint

We assume that the portfolio X = {X(t)}t∈[0,T ] evolves as

dX1(t) = rX1(t)dt, t ∈ [τk, τk+1),

dX2(t) = µX2(t)dt+ σX2(t)dW (t), t ∈ [τk, τk+1),

X1(τk) = X1(τk−)−∆k

− C(∆k),

X2(τk) = X2(τk−) + ∆k.

where {τk}k∈N are the trading dates (stopping times; increasing)

and {∆k}k∈N
the transaction volumes (F(τk)-measurable).

A portfolio x ∈ R2 is solvent if it has a positive liquidation value L(x) ≥ 0, where

L(x) ,

{
x1 + x2 − C(−x2) if x2 < 0,

x1 +
(
x2 − C(−x2)

)+ otherwise.

The set S ⊂ R2 of solvent portfolios is called the solvency region.

Remark: The model can be generalized (more assets, factor processes, ...).
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The Optimization Criterion

For simplicity, we restrict the considerations to (positive) power utility

U : R+ → R, ` 7→ U(`) ,
1

p
`p with p ∈ (0, 1).

The objective is to maximize expected utility of terminal wealth, i.e.

V(t, x) = sup
Λ∈A(t,x)

E
[
U
(

L
(
XΛ
t,x(T )

))]
,

whereA(t, x) denotes the set of admissible strategies Λ for the initial state (t, x),
i.e. the set of strategies Λ for which

L
(
XΛ
t,x

)
≥ 0 on [t, T ].



The �asi-Variational Inequalities

The value function V is expected to be linked to the following quasi-variational
inequalities (QVIs):

min
{
−∂tV(t, x)− LV(t, x),V(t, x)−MV(t, x)

}
= 0,

whereL denotes the infinitesimal generator of the uncontrolled portfolio process
given by

LV(t, x) , rx1∂x1V(t, x) + µx2∂x2V(t, x) + 1
2
σ2x2

2∂
2
x2,x2V(t, x),

andM is the maximum operator given by

MV(t, x) , sup
∆∈D(x)

V(t, x1 −∆− C(∆), x2 + ∆).
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• Unique characterization of V as a viscosity solution of the QVIs;

• Construction of optimal strategies;

• Numerical analysis of optimal trading regions.
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The Usual Viscosity Argument

Usually, the viscosity characterization goes as follows:

(1) Show that V is a discontinuous viscosity solution of the QVIs on S . More
precisely:

(a) The upper semicontinuous envelope V∗ of V is a viscosity subsolution;

(b) The lower semicontinuous envelope V∗ of V is a viscosity supersolution;

(c) By construction: V∗ ≤ V ≤ V∗.

(2) Prove a Comparison Principle, stating that viscosity supersolutions dominate
viscosity subsolutions. In particular: V∗ ≥ V∗.

(3) Conclude: V = V∗ = V∗ is the unique continuous viscosity solution.



The Usual Viscosity Argument

Usually, the viscosity characterization goes as follows:

(1) Show that V is a discontinuous viscosity solution of the QVIs on S . More
precisely:

(a) The upper semicontinuous envelope V∗ of V is a viscosity subsolution;

(b) The lower semicontinuous envelope V∗ of V is a viscosity supersolution;

(c) By construction: V∗ ≤ V ≤ V∗.

(2) Prove a Comparison Principle, stating that viscosity supersolutions dominate
viscosity subsolutions. In particular: V∗ ≥ V∗.

(3) Conclude: V = V∗ = V∗ is the unique continuous viscosity solution.



The Usual Viscosity Argument

Usually, the viscosity characterization goes as follows:

(1) Show that V is a discontinuous viscosity solution of the QVIs on S . More
precisely:

(a) The upper semicontinuous envelope V∗ of V is a viscosity subsolution;

(b) The lower semicontinuous envelope V∗ of V is a viscosity supersolution;

(c) By construction: V∗ ≤ V ≤ V∗.

(2) Prove a Comparison Principle, stating that viscosity supersolutions dominate
viscosity subsolutions. In particular: V∗ ≥ V∗.

(3) Conclude: V = V∗ = V∗ is the unique continuous viscosity solution.



The Usual Viscosity Argument

Usually, the viscosity characterization goes as follows:

(1) Show that V is a discontinuous viscosity solution of the QVIs on S . More
precisely:

(a) The upper semicontinuous envelope V∗ of V is a viscosity subsolution;

(b) The lower semicontinuous envelope V∗ of V is a viscosity supersolution;

(c) By construction: V∗ ≤ V ≤ V∗.

(2) Prove a Comparison Principle, stating that viscosity supersolutions dominate
viscosity subsolutions. In particular: V∗ ≥ V∗.

(3) Conclude: V = V∗ = V∗ is the unique continuous viscosity solution.



The Usual Viscosity Argument

Usually, the viscosity characterization goes as follows:

(1) Show that V is a discontinuous viscosity solution of the QVIs on S . More
precisely:

(a) The upper semicontinuous envelope V∗ of V is a viscosity subsolution;

(b) The lower semicontinuous envelope V∗ of V is a viscosity supersolution;

(c) By construction: V∗ ≤ V ≤ V∗.

(2) Prove a Comparison Principle, stating that viscosity supersolutions dominate
viscosity subsolutions. In particular: V∗ ≥ V∗.

(3) Conclude: V = V∗ = V∗ is the unique continuous viscosity solution.



The Usual Viscosity Argument

Usually, the viscosity characterization goes as follows:

(1) Show that V is a discontinuous viscosity solution of the QVIs on S . More
precisely:

(a) The upper semicontinuous envelope V∗ of V is a viscosity subsolution;

(b) The lower semicontinuous envelope V∗ of V is a viscosity supersolution;

(c) By construction: V∗ ≤ V ≤ V∗.

(2) Prove a Comparison Principle, stating that viscosity supersolutions dominate
viscosity subsolutions. In particular: V∗ ≥ V∗.

(3) Conclude: V = V∗ = V∗ is the unique continuous viscosity solution.



Discontinuity of the Value Function

Problem: The value function is not continuous. In particular, the usual viscosity
arguments cannot work.

But: The discontinuity is likely to appear only across the two axes.

Idea: Localize the viscosity argument by spli�ing the solvency region as follows:

• x1 ≥ 0 and x2 ≥ 0: Long Portfolios,

• x1 ≥ 0 and x2 < 0: Short Portfolios,

• x1 < 0 and x2 ≥ 0: Borrowing Portfolios.

Di�iculty: The QVIs have a non-local term: V(t, x)−MV(t, x).
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The Viscosity Characterization

We can show:

(1) The restriction of V to Slong is a discontinuous viscosity solution on Slong ;

(2) The restriction of V to Sshort extended to the x1-axis is a discontinuous vis-
cosity solution on both Sshort and the x1-axis;

(3) The restriction of V to Sborrow extended to the x2-axis is a discontinuous
viscosity solution on both Sborrow and the x2-axis;

(4) A Comparison Principle for the QVIs holds, implying that

• V is the unique viscosity solution in the above sense,

• each restricted function is continuous (including the axes), and

• V is globally upper semicontinuous.

The comparison result not only implies uniqueness, but also piecewise continuity
and global upper semicontinuity. Moreover, it implies that the value function
must be discontinuous in the interior of the state space.
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must be discontinuous in the interior of the state space.
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A Candidate Optimal Strategy

Recall that the maximum operatorM was defined as

MV(t, x) , sup
∆∈D(x)

V
(
t, x1 −∆− C(∆), x2 + ∆)

)
.

Interpretation:MV is optimal expected utility if you start with an impulse.

By the Bellman principle, we expect that

V(t, x) = sup
τ∈Tt

E
[
MV

(
τ, X̄(τ)

)]
where X̄ denotes the uncontrolled portfolio process and Tt the set of [t, T ]-valued
stopping times. This is an implicit optimal stopping problem with rewardMV .

I = {V =MV}

C = {V >MV}
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The Verification Theorem

Let H be the set of upper semicontinuous functions h : [0, T ]× S → R with

(H1) h is superharmonic with respect to the uncontrolled state process, i.e.
h(·, X̄) is a strong supermartingale,

(H2) h dominates the reward, i.e. h ≥Mh,

(H3) h = V on the boundary of the state space.

Verification Theorem

V ∈ H is the pointwise minimum of H and the candidate optimal strategy
defined in terms of {V =MV} and {V >MV} is indeed optimal.

Proof: Iteratively solve the implicit optimal stopping problem. The argument adapts
classical optimal stopping techniques and uses the fact that V is the pointwise min-
imum of H.
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Numerical Results: Constant + Proportional Costs
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Conclusion

Conclusions:

• We consider portfolio optimization problems with transaction costs resembling
those of private investors.

• The value functions turn out to be truly discontinuous, even in the interior of
the state space.

• Nevertheless, we establish uniqueness of the value function as a viscosity so-
lution, piecewise continuity, and global upper semicontinuity.

• Despite the lack of global continuity, we can construct optimal strategies.

• Numerical examples suggest a rich structure of optimal trading regions de-
pending on the cost structure.

Thank you for the a�ention!
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