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Portfolio Optimization for Private Investors

We consider a portfolio optimization problem for a private investor. The main
characteristics of such an investor are:

. No short-selling of risky assets;

. No borrowing of cash;

. Trades involve transaction costs:

C(∆) = min{max{Kmin, γ|∆|},Kmax},

where γ ∈ (0, 1) is the proportional cost and 0 < Kmin < Kmax denote the
floor and the cap, respectively.

This cost structures leads to a problem of impulse control.
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Portfolio Process and Liquidation

We assume that the portfolio X = XΛ = {XΛ(t)}t∈[0,T ] evolves as

dX1(t) = rX1(t)dt,

t ∈ [τk, τk+1),

dX2(t) = µX2(t)dt+ σX2(t)dW (t),

t ∈ [τk, τk+1),

X1(τk) = X1(τk−)−∆k

− C(∆k),

X2(τk) = X2(τk−) + ∆k.

where Λ = {(τk,∆k)}k∈N denotes the trading strategy with

• {τk}k∈N are the trading dates (stopping times; increasing) and

• {∆k}k∈N the transaction volumes (F(τk)-measurable).

The solvency region is defined as S , [0,∞)2. The liquidation value L(x) of a
solvent portfolio x ∈ S is defined as

L(x) , x1 +
(
x2 − C(−x2)

)+
.
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The Optimization Criterion

The objective is to maximize expected utility of terminal wealth, i.e.

V(t, x) , sup
Λ∈A(t,x)

E
[
U
(

L
(
XΛ
t,x(T )

))]
,

whereA(t, x) denotes the set of admissible strategies Λ for the initial state (t, x),
i.e. the set of strategies Λ for which

XΛ
t,x(s) ∈ S for all s ∈ [t, T ].

We model the investor’s preferences by a (positive) power utility function

U : [0,∞)→ R, ` 7→ U(`) ,
1

p
`p with p ∈ (0, 1).

Related Literature: B./Christensen (2019), Altarovici/Reppen/Soner (2017), Feodoria (2016),
Altarovici/Muhle-Karbe/Soner (2015), Palczewski/Ste�ner (2007), Liu (2004), Øksendal/Sulem
(2002), Bielecki/Pliska (2000), Korn (1998), Eastham/Hastings (1988).
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Non-Smooth Verification for Optimal Strategies



A Candidate Optimal Strategy

Define the maximum operatorM as

MV(t, x) , sup
∆∈D(x)

V
(
t, x1 −∆− C(∆), x2 + ∆)

)
.

Interpretation:MV is optimal expected utility if you have to start with a trade.

A candidate optimal strategy can be constructed by partitioning the state space
into the continuation region {V >MV} and intervention region {V =MV}.
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Bellman Principle and Superharmonic Functions

The structure of the candidate optimal strategy suggests the Bellman principle

V(t, x) = sup
τ∈Tt

E
[
MV

(
τ, X̄(τ)

)]
,

where X̄ denotes the uncontrolled portfolio process.

This is an optimal stopping problem with rewardMV . The value function V is
expected to be the smallest superharmonic function dominating this reward.

Let H be the set of upper semicontinuous functions h : [0, T ]× S → R with

(H1) h is superharmonic, i.e. h(·, X̄) is a strong supermartingale,

(H2) h dominates the reward, i.e. h(t, x) ≥Mh(t, x),

(H3) h satisfies the terminal condition h(T, x) = U(L(x)),

(H4) h satisfies the growth condition h(t, x) ≤ K(1 + |x|p) for some K > 0.

The pointwise infimum of H is denoted by V and we expect that V = V .
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The Non-Smooth Verification Theorem

Verification Theorem (B./Mich/Seifried 2019)

Suppose that the pointwise infimum V is continuous. For each initial da-
tum (t, x) ∈ [0, T )×S , define a candidate optimal strategy Λ∗ in terms of
the intervention and continuation regions{

V =MV
}

and
{
V >MV

}
.

Then Λ∗ ∈ A(t, x) is optimal and V(t, x) = V(t, x).

Note: V is upper semicontinuous as the pointwise infimum of upper semiconti-
nuous functions. How can we show that it is continuous?

Related Literature: Christensen (2014), B./Christensen/Seifried (2017), B./Christensen (2019).
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The �asi-Variational Inequalities

Heuristically: V = V . Moreover, the value function V is a viscosity solution of the
associated dynamic programming equation (DPE). A comparison principle for
viscosity solutions of the DPE implies continuity of V .

Idea: Show directly that V is the unique continuous viscosity solution of the DPE.

The DPE for our problem takes the form of quasi-variational inequalities (QVIs):

min
{
−∂tV(t, x)− LV(t, x),V(t, x)−MV(t, x)

}
= 0,

where L is the infinitesimal generator of the uncontrolled portfolio process

LV(t, x) , rx1∂x1V(t, x) + µx2∂x2V(t, x) + 1
2
σ2x2

2∂
2
x2,x2V(t, x).
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Viscosity Characterization and Continuity

These ideas can be made rigorous. More precisely:

. For each h ∈ H, the lower semicontinuous envelope h∗ is a viscosity superso-
lution of the QVIs. Intuitively: h−Mh ≥ 0 by assumption and−∂th−Lh ≥ 0
by the strong supermartingale property. This extends to h∗. Since V ∈ H, it
follows that V∗ is a viscosity supersolution.

. The viscosity subsolution property of the upper semicontinuous functionV is
a consequence of the minimality of V. The proof adopts ideas of the stochastic
Perron’s method (Bayraktar/Sîrbu).

. The QVIs satisfy a comparison principle, which gives conditions under which
supersolutions dominate subsolutions. This implies that V∗ ≥ V.

. ThusV∗ = V, i.e.V is lower semicontinuous and hence the unique continuous
viscosity solution of the QVIs.

. The verification theorem now yields optimal strategies and V = V .
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Numerical Example: T = 0.25
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Numerical Example: T = 0.15
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Numerical Example: T = 0.01
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