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Utility Maximization with Constant Costs



Portfolio Optimization with Transaction Costs

Our aim is to solve a portfolio optimization problem which involves both
proportional and constant transaction costs.

Trading strategies are modeled as impulse controls {(τk,∆k)}k∈N, where

• τk denotes the time of the kth transaction (stopping time),

• ∆k denotes the volume of the kth transaction (random variable).

Time

W
ea

lt
h



Portfolio Optimization with Transaction Costs

Our aim is to solve a portfolio optimization problem which involves both
proportional and constant transaction costs.

Trading strategies are modeled as impulse controls {(τk,∆k)}k∈N, where

• τk denotes the time of the kth transaction (stopping time),

• ∆k denotes the volume of the kth transaction (random variable).

Time

W
ea

lt
h



Portfolio Optimization with Transaction Costs

Our aim is to solve a portfolio optimization problem which involves both
proportional and constant transaction costs.

Trading strategies are modeled as impulse controls {(τk,∆k)}k∈N, where

• τk denotes the time of the kth transaction (stopping time),

• ∆k denotes the volume of the kth transaction (random variable).

Time

W
ea

lt
h



The Market Model

We assume that the portfolio X = {X(t)}t∈[0,T ] evolves as

dX1(t) = rX1(t)dt, t ∈ [τk, τk+1),

dX2(t) = µX2(t)dt+ σX2(t)dW (t), t ∈ [τk, τk+1),

X1(τk) = X1(τk−)−∆k

− γ|∆k| − C,

X2(τk) = X2(τk−) + ∆k,

where γ ∈ (0, 1) (proportional cost) and C > 0 (constant cost).

We prohibit short selling of the stock.

A portfolio x ∈ R× [0,∞) is solvent if it
has a positive liquidation value L(x), i.e.,

L(x) , x1 +
(
x2 − γx2 − C

)+
> 0.

The set S ⊂ R× [0,∞) of solvent portfolios is called the solvency region.

Remark: The model can be generalized (more assets, factor processes, short selling).
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The Optimization Criterion

Now fix a utility function U : R+ → R such that

• U is strictly increasing, continuous, and concave,

• U is lower bounded; without loss of generality U(0) = 0,

• U satisfies U(`) ≤M(1 + |`|p) for some M > 0, p ∈ (0, 1).

The objective is to maximize expected utility of terminal wealth, i.e.

V(t, x) = sup
Λ∈A(t,x)

E
[
U
(

L
(
XΛ
t,x(T )

))]
,

whereA(t, x) denotes the set of admissible strategies Λ for the initial state (t, x),
i.e. the set of strategies Λ for which

L
(
XΛ
t,x

)
≥ 0 on [t, T ].



The �asi-Variational Inequalities

The value function V is expected to be linked to the following quasi-variational
inequalities (QVIs):

min
{
−∂tV(t, x)− LV(t, x),V(t, x)−MV(t, x)

}
= 0, (t, x) ∈ [0, T )× S,

whereL denotes the infinitesimal generator of the uncontrolled portfolio process
given by

LV(t, x) , rx1∂x1V(t, x) + µx2∂x2V(t, x) + 1
2
σ2x2

2∂
2
x2,x2V(t, x),

andM is the maximum operator given by

MV(t, x) , sup
∆
V(t, x1 −∆− γ|∆| − C, x2 + ∆).
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Related Literature

In the existing literature, there are four di�erent approaches:

• Classical PDE Solutions: Eastham/Hastings (1988), Korn (1998), Bielecki/Pliska
(2000), Liu (2004).

• Viscosity Solutions: Oksendal/Sulem (2002), Altarovici/Reppen/Soner (2016)

• Iterated Optimal Stopping: Korn (1998), Palczewski/Ste�ner (2007)

• Small Cost Asymptotics: Korn (1998), Korn/Laue (2002), Altarovici/Muhle-
Karbe/Soner (2015), Feodoria/Kallsen (2016), Altarovici/Reppen/Soner (2016).
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(Dis-)Continuity of the Value Function



Continuity via Viscosity Solutions

Belak/Christensen/Seifried (2017) provide a method to construct optimal controls
for impulse control problems provided that the value function V is continuous.

But: Proving continuity of V directly is o�en out of reach...

To obtain continuity of V , one can use viscosity techniques:

(1) The upper semicontinuous envelope V∗ is a viscosity subsolution of the QVIs.

(2) The lower semicontinuous envelope V∗ is a viscosity supersolution of the QVIs.

(3) Comparison principle: If u and v are viscosity sub- and supersolutions with
u ≤ v on the boundary of the state space, then u ≤ v everywhere.

Hence: If V∗ ≥ V∗ on the boundary, then V∗ ≥ V∗ everywhere, i.e.

V = V∗ = V∗ is continuous.

Note: While the viscosity property can be defined for discontinuous functions, it is
inherently a theory for continuous functions.
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Discontinuity of the Value Function

Problem: The value function is not continuous. In particular, the usual viscosity
arguments cannot work.

But: The discontinuity is likely to appear only across the x2-axis.

Idea: Localize the viscosity argument by spli�ing the solvency region into the bor-
rowing (x1 < 0) and no-borrowing (x1 ≥ 0) regions.

Di�iculty: The QVIs have a non-local term: V(t, x)−MV(t, x).
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Localizing the Solvency Region
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The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



The Local Comparison Principle

It turn out that the QVIs satisfy the following local comparison principle: Let

(1) u : [0, T ]× S → R be a (local) viscosity subsolution of the QVIs,

(2) v : [0, T ]× S → R be a (local) viscosity supersolution of the QVIs,

(3) ub(T, ·) ≤ vb(T, ·) on Sb and unb(T, ·) ≤ vnb(T, ·) on Snb,

(4) 0 = ub ≤ vb on [0, T ]× ∂Sb and 0 = unb ≤ vnb on [0, T ]× ∂Snb,

(5) (growth conditions),

(6) x 7→ v(t, x) is increasing (componentwise) for each t ∈ [0, T ].

Then ub ≤ vb on [0, T ]× Sb and unb ≤ vnb on [0, T ]× Snb.

This implies that the value function V is

• continuous if restricted to [0, T ]× Sb,

• continuous if restricted to [0, T ]× Snb,

• upper semicontinuous everywhere,

• the unique viscosity solution of the QVIs.



Summary

Let us pause for a moment and take stock:

• The value function V is continuous except possibly across the x2-axis, and
globally upper semicontinuous.

• Our results imply that the discontinuity extends to the interior of the sol-
vency region.

• The comparison principle implies uniqueness, i.e. it characterizes the value
function as the unique solution of the QVIs in a suitable class of functions.

• To the best of our knowledge, this is the first local viscosity comparison prin-
ciple for a non-local PDE.

• Put di�erently, this is the first uniqueness result for purely discontinuous vis-
cosity solutions, which still yields some regularity.

Next step: Try to construct optimal strategies.
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Construction of Optimal Strategies



A Candidate Optimal Strategy

Recall that the maximum operatorM was defined as

MV(t, x) , sup
∆
V
(
t, x1 −∆− γ|∆| − C, x2 + ∆)

)
.

Interpretation:MV highest reward achieveable if you start with an impulse.

Observe that V(t, x) ≥MV(t, x) and

• if V(t, x) >MV(t, x), trading in state (t, x) cannot be optimal, and

• if V(t, x) =MV(t, x), trading in state (t, x) is expected to be optimal,
• the optimal trade ∆∗ in state (t, x) should be a maximizer forMV(t, x).

I = {V =MV}

C = {V >MV}
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An Implicit Optimal Stopping Problem

By the Bellman principle, we expect that

V(t, x) = sup
τ∈Tt

E
[
MV

(
τ, X̄(τ)

)]
where X̄ denotes the uncontrolled portfolio process. This is an implicit optimal
stopping problem with rewardMV .

The general theory of optimal stopping lets us expect:

• V is the smallest superharmonic function dominating the rewardMV .

• If V is lower semicontinuous andMV is upper semicontinuous, then the first
hi�ing time of the set I = {V =MV} is optimal.

Remark:MV is upper semicontinuous if V is upper semicontinuous. So this is fine.

A�ention: V is not globally lower semicontinuous. However, the uncontrolled
state process never crosses the x2-axis. So localization should work.
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The Verification Theorem

Let H be the set of upper semicontinuous functions h : [0, T ]× S → R with

(H1) h is superharmonic with respect to the uncontrolled state process, i.e.
h(·, X̄) is a strong supermartingale,

(H2) h dominates the reward, i.e. h ≥Mh,

(H3) h = V on the boundary of the state space.

Verification Theorem

V ∈ H is the pointwise minimum of H and the candidate optimal strategy
defined in terms of {V =MV} and {V >MV} is indeed optimal.

Proof: Iteratively solve the implicit optimal stopping problem. Uses classical optimal
stopping techniques and that V is the pointwise minimum of H.
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Conclusions:

• We solve a highly intractable utility maximization problem involving constant
transaction costs.

• We show that the value function is discontinuous, even in the interior of the
state space.

• We derive a uniqueness result for a discontinuous viscosity solution which
implies piecewise continuity.

• We construct optimizers for a stochastic control problem with a discontinuous
value function.
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