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To the best of our knowledge, existence of optimal controls is unknown — even in
a Black-Scholes setting with log- or power utility.
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dX(t) = µ(X(t))dt + σ(X(t)) dW (t),

t ∈ [τk , τk+1 ),

X(τk )= Γ(X(τk −), ∆k ),
where
• the stopping times τk are increasing and do not accumulate in that
P[limk→∞ τk > T ] = 1,
• the impulses ∆k are chosen from a state-dependent set Z(X(τk −)) ⊂ Rm .
The objective is to find a maximizer of
hX
i
Λ
Λ
V(t, x) = sup E
K(Xt,x
(τk −), ∆k )1{τk ≤T } + g(Xt,x
(T )) .
Λ∈A(t,x)

k∈N
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• the operator L is the infinitesimal generator given by
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• and the operator M is the maximum operator given by
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Problem: Verification requires a solution of the QVIs which is sufficiently smooth
to apply Itô’s formula.

Non-Smooth Verification via Superharmonic Functions
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which is nothing but an optimal stopping problem with reward G , MV.

The general theory of optimal stopping lets us expect that
• V equals the smallest superharmonic function V dominating G, and
• if V is lower semi-continuous and G is upper semi-continuous, then V = V
and the first hitting time of the set {V = G} = {V = MV} is optimal.

Remark: Under standard assumptions, G = MV is upper semi-continuous if V is
upper semi-continuous. That is, to verify optimality, continuity of V should suffice!

The Verification Theorem
Let H be the set of upper semi-continuous functions h : [0, T ] × Rn → R with
(H1) h is superharmonic with respect to the uncontrolled state process,
(H2) h dominates the reward, i.e. h ≥ Mh,
(H3) h satisfies the terminal condition h(T, ·) ≥ g on Rn .

The Verification Theorem
Let H be the set of upper semi-continuous functions h : [0, T ] × Rn → R with
(H1) h is superharmonic with respect to the uncontrolled state process,
(H2) h dominates the reward, i.e. h ≥ Mh,
(H3) h satisfies the terminal condition h(T, ·) ≥ g on Rn .
Define V : [0, T ] × Rn → R to be the pointwise infimum of the members of H.

The Verification Theorem
Let H be the set of upper semi-continuous functions h : [0, T ] × Rn → R with
(H1) h is superharmonic with respect to the uncontrolled state process,
(H2) h dominates the reward, i.e. h ≥ Mh,
(H3) h satisfies the terminal condition h(T, ·) ≥ g on Rn .
Define V : [0, T ] × Rn → R to be the pointwise infimum of the members of H.
Verification "Theorem"
If V exists, is continuous, satisfies V(T, ·) = g, and the candidate optimal
control defined in terms of {V = MV} and {V > MV} is admissible,
then (up to integrability) we have
V=V

and the candidate optimal control is optimal.

The Verification Theorem
Let H be the set of upper semi-continuous functions h : [0, T ] × Rn → R with
(H1) h is superharmonic with respect to the uncontrolled state process,
(H2) h dominates the reward, i.e. h ≥ Mh,
(H3) h satisfies the terminal condition h(T, ·) ≥ g on Rn .
Define V : [0, T ] × Rn → R to be the pointwise infimum of the members of H.
Verification "Theorem"
If V exists, is continuous, satisfies V(T, ·) = g, and the candidate optimal
control defined in terms of {V = MV} and {V > MV} is admissible,
then (up to integrability) we have
V=V

and the candidate optimal control is optimal.

Note: If V is known to be continuous, then V ∈ H and things become easy.
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How can we prove the continuity of V?

We adapt the Stochastic Perron Method of Bayraktar and Sirbu:
(1) Show that V is an upper semi-continuous viscosity subsolution of the QVIs.
(2) Approximate V from below by a sequence {vk }k∈N of iterated optimal stopping problems (by restricting to the problem to at most k impulses).
(3) Show that the limit V , limk→∞ vk is a lower semi-continuous viscosity
supersolution of the QVIs.
(4) Then V ≤ V ≤ V. Now apply viscosity comparison so that V ≥ V and hence
V=V=V
is continuous and the unique viscosity solution of the QVIs.
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Our procedure is based on three ingredients:
• Superharmonic function techniques in optimal stopping
• The stochastic Perron method
• Stability of viscosity solutions
Sufficient conditions for our procedure to work:
• µ, σ, Γ Lipschitz in the state variable; Γ, Z, K, g continuous
• K and g non-negative and g ≥ Mg
• Z(x) non-empty and compact for all x ∈ Rn
• There exists a sufficiently integrable Ψ ∈ H
• Viscosity comparison holds
• The candidate optimal control is admissible
Note: The existence of Ψ and viscosity comparison is closely related to the existence
of a strict supersolution of the QVIs. Candidates for Ψ are available.
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Further Remarks on our Approach

Some additional remarks:
• No smoothness of the value function required to construct optimal controls.
• If continuity of the value function is known a priori, the stochastic Perron
method can be skipped.
• Proving admissibility can be difficult and has to be done case-by-case.
• Advantage over the classical approach: The candidate optimal control is defined in terms of the value function, making it easier to verify admissibility (at
least in principle).
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dY (t) = α(Y (t))dt + β(Y (t))dW (t),
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A portfolio x ∈ Rn is solvent if it has a positive liquidation value L(x), i.e.,
P
L(x) , x1 + n
j=2 [xj − γj |xj | − Kj ] > 0.
The set S ⊂ Rn of solvent portfolios is called the solvency region.
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Now fix a utility function U : R+ → R such that
• U is strictly increasing and continuous (not necessarily concave),
• U is lower bounded; without loss of generality U (0) = 0,
• U satisfies U (l) ≤ C(1 + |l|p ) for some C > 0, p ∈ (0, 1).
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The objective is to maximize utility of terminal wealth, i.e.
h 
i
Λ
V(t, x, y) =
sup E U L Xt,x,y
(τSΛ ∧ T )
,
Λ∈A(t,x,y)

where
• A(t, x, y) denotes the set of admissible strategies Λ corresponding to the
initial state (t, x, y).
• τSΛ denotes the bankruptcy time corresponding to the strategy Λ, i.e. the first
Λ
exit time of Xt,x,y
from the solvency region S.
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• We have to check viscosity comparison, non-emptiness of H, and admissibility of the candidate optimal strategy.
These issues can, however, be resolved:
• The stochastic Perron method can be adapted to constrained state spaces.
• The set {x : Z(x) = ∅} is a connected bounded set. In essence, the general
theory still applies by removing this set from the solvency region S.
• Viscosity comparison and non-emptiness of H hold since the frictionless value
function is a classical supersolution of the QVIs.
• Admissibility of the candidate optimal strategy can be verified. Idea: The investor goes bankrupt before the trading times accumulate.
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Conclusion

• Aim: Solve a portfolio optimization problem involving constant costs.
• We devise a new verification procedure based on superharmonic functions,
viscosity solutions, and the stochastic Perron method.
• The approach is flexible enough to adapt to concrete model specifications and
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• The results open the door to a lot of interesting questions...
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Thanks for your attention!

