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Outline

• We consider an option pricing problem in the presence of jump uncertainty.

• The market is multidimensional and possibly non-Markovian.
• We do not know

B how o�en the prices of the underlyings jump,
B when the jumps occur,
B if the jumps are upward or downward,
B what the size of the jumps is.

• We use constrained BSDEs to solve the problem.

• We derive a pricing PDE in the special case of a Markovian market.

• In a Black-Scholes se�ing, we obtain closed-form solutions.
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Motivation

We study the pricing problem of contingent claims under
model uncertainty with respect to jumps in the underlying.

More precisely, we

• start with a complete market with continuous risky assets P 1, . . . , Pn.

• At a stopping time τ , the risky assets jump by a fraction of β1, . . . , βn:

P i(τ) = (1 + βi)P
i(τ−), i = 1, . . . , n.

• We do not know the distribution of the number, the time, the direction, and
the size of the jumps.

• Instead, we only know bounds on the number and the size of the jumps.

Literature: Hua/Wilmo� (1997), Mönnig (2012).
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Wealth Dynamics

In the case of a single jump, the trader’s wealth X is given by

X(0) = x and

dX(t) =
[
r(t)X(t) + ζ1(t)>σ(t)θ(t)

]
dt+ ζ1(t)>σ(t) dW (t), t ∈ [0, τ)

X(τ) = X(τ−) + ζ1(τ)>β, on {τ <∞},

dX(t) =
[
r(t)X(t) + ζϑ0 (t)>σ(t)θ(t)

]
dt+ ζϑ0 (t)>σ(t) dW (t), t ∈ [τ, T ].

Here,

• ζ1 = (ζ11 , . . . , ζ
n
1 ) is the strategy used before the jump,

• ϑ = (τ, β) is the jump with τ ∈ [0, T ] ∪ {∞} and β ∈ [βD(τ), βU (τ)],

• the minimum/maximum jump sizes βD, βU are continuous and bounded,

• ζϑ0 = (ζ1,ϑ0 , . . . , ζn,ϑ0 ) is the strategy used a�er the jump ϑ.

Remark: The extension to at most n jumps is straightforward.
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The Jump Uncertainty Price

A contingent claim ξ(P 0(T ), P (T )) is an F(T )-measurable, non-negative ran-
dom variable, Lipschitz continuous in the prices (P 0, P ) of the underlyings.

Definition: Jump Uncertainty Price

The jump uncertainty price V1 is defined as

V1 , inf
{
x ≥ 0 : ∃(ζ1, ζ0) s.t.

Xζ1,ζ0,ϑ
t,x (T ) ≥ ξ(P 0(T ), Pϑ(T )) for every jump ϑ

}
.

In other words, V1 is the smallest initial wealth that is required to superhedge the
claim in every jump scenario.
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The Crash Constraint

The Main Idea

In order to superhedge the claim, the trader has to ensure that the
wealth a�er a jump dominates the price in the jump-free market.

Mathematically, this means that

H
(
τ,Xζ1

x (τ−), ζ1(τ)
)
≥ 0 for all stopping times τ,

where the jump constraint H is defined as

H(t, x, ζ) , inf
β∈[βD(t),βU (t)]

[
x+ ζ>β − V0(t, β)

]
.

V1 is well-defined if and only if there are x, ζ1 satisfying the constraint.
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BSDE Characterization

Theorem (BSDE Characterization of V1)

The jump uncertainty price is given by V1 = X(0), where (X, ζ1) denotes
the minimal supersolution of the BSDE

dX(t) =
[
r(t)X(t) + ζ1(t)>σ(t)θ(t)

]
dt+ ζ1(t)>σ(t) dW (t),

X(T ) ≥ ξ
(
P 0(T ), P (T )

)
.

under the constraint

H
(
t,X(t), ζ1(t)

)
≥ 0 for all t ∈ [0, T ],P-a.s.

Literature: Peng (1999), Kharroubi/Ma/Pham/Zhang (2010).



PDE Characterization

Theorem (PDE Characterization of V1)

In the case of Markovian price dynamics, V1 = V1(t, p0, p)

is the unique
continuous viscosity solution of

min
{
−∂tV1 − LV1 + r(t, p0, p)V1, H(t, p0, p,V1, diag(p)DpV1)

}
= 0,

satisfying the terminal condition

min
{
V1 − ξ(p0, p), H(T, p0, p,V1,diag(p)DpV1)

}
= 0.

Remark: L is the generator of (P 0, P ) under the risk neutral measure.

Literature: Kharroubi/Ma/Pham/Zhang (2010), Peng/Xu (2013), Bouchard (2002),
Bouchard/Elie/Touzi (2009).
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Black-Scholes with Jumps

Consider a Black-Scholes market with constant minimum and maximum jump
sizes βD and βU , and let ξ be a European call with strike price K .

The terminal condition is given explicitly as

V1(T−, p) =
[
p−K

]
1{p≥L} + αDp

−1/βD1{p<L} + αUp
−1/βU1{p≥L}.

The jump uncertainty price V1 is given explicitly as

V1(t, p) = pΦ(d1(L))−Ke−r(T−t)Φ(d2(L))

+ αDηD(t)p−1/βDΦ(−d2(L) + σ
√
T − t/βD)

+ αUηU (t)p−1/βU Φ(d2(L)− σ
√
T − t/βU )

Remark: The adjusted strike is given by L , K/(1 + βU )(1 + βD).
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Numerics: The Jump Uncertainty Price
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Figure: Jump uncertainty price for two-sided jumps; βD = −0.25, βU = 0.25.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.
• One can generalize the results to jump-dependent market parameters a�er

the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.

• One can generalize the results to jump-dependent market parameters a�er
the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.
• One can generalize the results to jump-dependent market parameters a�er

the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.
• One can generalize the results to jump-dependent market parameters a�er

the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.
• One can generalize the results to jump-dependent market parameters a�er

the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.
• One can generalize the results to jump-dependent market parameters a�er

the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.



Conclusion

• We study the problem of pricing claims under model uncertainty with respect
to jumps in the prices of the underlyings.

• The number of jumps, the timing and the size of the jumps is unknown. The
bounds are possibly path- and state-dependent.
• One can generalize the results to jump-dependent market parameters a�er

the occurence of jumps.

• We characterize the price as the minimal supersolution of a BSDE involving
a simultaneous constraint on the wealth and the trading strategy.

• In the Markovian setup, we derive a nonlinear pricing PDE with face-li�ed
terminal condition.

• We obtain closed-form solutions in a Black-Scholes se�ing.

Thank you very much for your a�ention!

Preprints on SSRN:
[1] Belak, C. and Menkens, O.: Pricing Contingent Claims under Jump Uncertainty, 2016.
[2] Menkens, O.: Pricing and Hedging of European Plain Vanilla Options under Jump Uncertainty, 2016.


