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Outline

(1) We consider a Black-Scholes financial market consisting of a money market
account and one stock.

(2) Upon trading the stock, the investor faces a mix of proportional and constant
transaction costs.

(3) The objective is to find a trading strategy which maximizes expected utility
of wealth at some fixed date in the future.

(4) Problem: Standard techniques to solve this problem do not work.

(5) Our contribution: If a certain partial di�erential equation has at most one so-
lution, then we can construct an optimal strategy.

(6) Work in progress: We generalize our method to more general markets and
more general optimization problems.
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The Market Model and the Optimization Problem



The Financial Market

The financial market consists of a money market account P0 and a stock P1 with

P0(t) = p0e
rt and P1(t) = p1e

(µ−σ2/2)t+σWt ,

where p0, p1, r, µ, σ are constants and W is a Brownian motion.

P0(t) P1(t)

In di�erential form, the price dynamics can be wri�en as

dP0(t)= rP0(t)dt, P0(0) = p0,

dP1(t)= µP1(t)dt+ σP1(t)dW (t), P1(0) = p1.
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Constant and Proportional Transaction Costs

Upon buying or selling shares of the stock worth ∆ units of money, the investor has
to pay transaction costs of size

γ|∆|+K.

We refer to γ ∈ (0, 1) as the proportional cost component and to K > 0 as the
constant cost component.

If the investor is endowed with x0 units of money in the money market account
and x1 in the stock, a transaction of size ∆ changes the position to

x0

− ∆

− γ|∆| −K

and x1

+ ∆.
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Trading Strategies and Wealth Dynamics

Trading strategies are modeled as sequences (τ1,∆1), (τ2,∆2), . . . consisting of
trading dates τj and transaction volumes ∆j , where j ∈ N.

Formally, each τj is a stopping time and ∆j is a random variable which depends
only on the information available up to time τj .

The wealth in the money market account X0 and the stock account X1 evolve as

dX0(t) = rX0(t)dt

−
∑∞
j=1[∆j + γ|∆j |+K]1{τj=t},

X0(0) = x0,

dX1(t) = µX1(t)dt+ σX1(t)dW (t)

+
∑∞
j=1 ∆j1{τj=t},

X1(0) = x1.
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Liquidation Value and Admissibility

The liquidation value of a portfolio position x = (x0, x1) is given by

L(x) , x0 + x1 −K − γ|x1|.

We define the solvency region as

S ,
{
x ∈ R2 : L(x) > 0

}
.

A trading strategy Λ = {(τj ,∆j)}j∈N is called admissible, if(
XΛ

0 (τj−)−∆j −K − γ|∆j |, XΛ
1 (τj−) + ∆j

)
∈ S for all j ∈ N.
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The Optimization Problem

Our aim is to maximize the expected utility of the liquidation value at time T , i.e.

V(t, x) , sup
Λ∈A(t,x)

E
[
U
(
L(XΛ

t,x(τS ∧ T ))
)]
, (t, x) ∈ [0, T )× S.

Here,

• XΛ
t,x denotes the wealth process started at time t in x under the strategy Λ,

• τS denotes the first exit time of XΛ
t,x from S ,

• U : [0,∞)→ [0,∞) is the power utility function given by

U(x) , 1
p
xp for some p ∈ (0, 1),

• A(t, x) denotes the set of all admissible trading strategies.
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Derivation of the �asi-Variational Inequalities



The Maximum Operator

Suppose that the investor has a wealth of x = (x0, x1) at time time t and that she
is forced to make a transaction.

The best immediate transaction is then

MV(t, x) = sup
∆∈Z(x)

V
(
t, x0 −∆−K − γ|∆|, x1 + ∆

)
,

where Z(x) denotes the set of all admissible transactions ∆.

In general, it may not be optimal to make an immediate transaction. Thus

V(t, x) ≥MV(t, x).

Put di�erently, a transaction is optimal if and only if V(t, x) = MV(t, x). An
optimal transaction volume is

∆∗ = arg max
∆∈Z(x)

V
(
t, x0 −∆−K − γ|∆|, x1 + ∆

)
.
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The Di�erential Operator

Let the wealth process X run uncontrolled for a positive amount of time, say on
the interval [t, t+ h].

Time consistency lets us expect that

V(t, x) = supΛ∈A(t,x) E
[
V
(
t+ h,XΛ

t,x(t+ h)
)]

≥ E
[
V
(
t+ h,Xt,x(t+ h)

)]
= E

[
V(t, x)−

∫ t+h
t
LV(u,Xt,x(u))du

]
and equality holds if it is not optimal to make a transaction in the interval [t, t+h].

Dividing by h and sending h ↓ 0 we find that

LV(t, x) ≥ 0

and equality holds if and only if it is not optimal to make a transaction.
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The �asi-Variational Inequalities

Pu�ing the pieces together, we have argued thatV should solve the quasi-variational
inequalities (QVIs)

min
{
LV(t, x),V(t, x)−MV(t, x)

}
= 0 (t, x) ∈ [0, T )× S.

Moreover, a candidate optimal trading strategy Λ∗ is determined by the sets

C ,
{

(t, x) ∈ [0, T )× S : V(t, x) >MV(t, x)
}
,

I ,
{

(t, x) ∈ [0, T )× S : V(t, x) =MV(t, x)
}
.

Problem: It is unlikely that V solves the QVIs in the classical sense.
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Our Approach: Uniqueness implies Existence



First Observation: Superharmonicity of V

Why do we need that V is di�erentiable in the first place?

Answer: In essence, just to argue that

V(t, x) = E
[
V
(
u, X̄(u)

)
+
∫ u
t
LV(s, X̄(s))ds

]
≥ E

[
V
(
u, X̄(u)

)]
.

where X̄ denotes the uncontrolled wealth process.

Idea: Replace the requirement LV(t, x) ≥ 0 by the requirement

V(t, x) ≥ E
[
V
(
θ, X̄(θ)

)]
for any stopping time θ.
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Second Observation: Minimality of V

Denote by H the set of functions h such that

(1) h(t, x) ≥ E
[
h
(
θ, X̄(θ)

)]
for any stopping time θ,

(2) h(t, x) ≥Mh(t, x),

(3) h(t, x) ≥ V(t, x) = U(L(x)) on the boundary of [0, T )× S ,

(4) h is continuous.

Superharmonic Characterization of V

Let V denote the pointwise infimum of the functions in H, i.e.

V(t, x) = inf
{
h(t, x) : h ∈ H

}
.

If V is continuous, then V = V and the candidate strategy Λ∗ is optimal.
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Viscosity Characterization

Viscosity Characterization of V

(1) The function V is upper semi-continuous and a viscosity subsolution
of the QVIs.

(2) The lower semi-continuous envelope V∗ of V is a viscosity
supersolution of the QVIs.

(3) We have V∗(T, ·) = V(T, ·) = V(T, ·).

Comparison Principle for the QVIs

Let u be an upper semi-continuous viscosity supersolution and v be a lower
semi-continuous viscosity subsolution of the QVIs such that u(T, ·) ≤
v(T, ·). Then u ≤ v everywhere.
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Conclusion

Summing up our arguments, we

(1) show that the pointwise infimum V of the set H is upper semi-continuous and
a subsolution of the QVIs,

(2) the lower semi-continuous envelope of V is a supersolution of the QVIs,

(3) we prove a comparison principle for the QVIs: subsolutions are always smaller
than supersolutions,

(4) which implies that V is continuous,

(5) which in turn can be used to show that V = V and Λ∗ is optimal.

Advantages of our approach:

• It works even if V is not di�erentiable, continuity su�ices.

• We do not need to solve the QVIs.

• The arguments work in very general situations.

• No measurable selection arguments/weak formulation/path space assumption
to obtain the viscosity characterization.
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Where to go from here?



Generalization of the Model

Work in progress: Generalization of the model

Currently, we work on an extension of our results to

• a market model with more than one risky asset,

• with more general price dynamics,

• which are driven by a multidimensional factor process,

• and allow for arbitrary lower bounded utility functions.
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Work in progress: Generalization of the method

Both the superharmonic characterization and the viscosity characterization
of V can be established in very general situations. The proofs do not rely on the
specific optimization problem.

The only bo�leneck of our approach is the comparison principle.

Thus, we work on solving a generic impulse control problem under the assump-
tion that a comparison principle holds.

Thank you very much for your a�ention!
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